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Abstract—In the paper we present a new method for solving
optimal control problems of a class of hybrid systems. We
describe the new effective algorithm based on memetic algorithm
(MA) for optimal control of switched systems. We concentrate
on a class of problems in which a pre-specified sequence of
active subsystems is known. Our aim is to find both the optimal
switching instants and the optimal continuous inputs. The new
approach, which we propose, decomposes the cost functional
of the basic optimal control problem in Bolza form in two
terms. The first term depends explicitly on a value of state
variables at the final time. The second term depends on state
and control trajectories. In oreder to solve those two tasks we
used MA as the multi-objective optimization algorithm. In this
paper we considered a fundamental bi-criteria case with two
mentioned before functions: the value of state variables at the
final time and the state and control trajectories. In order to find
an approximation of Pareto frontier, we proposed new effective
method based on genetic algorithm (GA) and local search (LS).
Problems properties were taken into consideration in the design
of our new approach of solving it. They were used to construct
new algorithm inspired by the LS NSGA-II, which performed
rather well in multi-criteria scheduling problem. Since simple
genetic algorithms are efficient heuristics in searching for optimal
solutions, but lack the accuracy of some more computational com-
plex algorithms, a hybrid algorithm was constructed. It uses fast
non-dominated sorting, in order to evaluate child population and
allocate solutions to corresponding Pareto frontiers. I addition a
local search method was used, in order to find more differentiated
and better solutions. Clustering solutions from Pareto frontiers
also improved diversity of solutions in child population. This
approach can be used as a start point for searching for algorithm
for solving optimal control problems of switched systems without
pre-specified sequence of active subsystems. The performance of
the algorithm is illustrated by the examples: (a) a hybrid optimal
control problem with nonlinear dynamics and (b) a switched
linear quadratic optimal control problem with long switching
time intervals.

I. INTRODUCTION

In this article switched systems are taken into consideration.
They are a particular class of hybrid systems. Switched sys-
tems consist of several subsystems and switching laws orches-
trating the active subsystems at each time instant [14]. Because
switched systems are widely used in real-life processes, there
has been a growing interest in modeling and optimal control of
such systems, from both science and engineering disciplines
[1], [2].

In the article [9] application of optimal control of hybrid
dynamical systems in process engineering in presented. Two

different methods of designing a control systems were speci-
fied. The first method is based on minimization of a criterion
under constraints. The second is based on Pontryagin’s max-
imum principle extended to discrete event controlled hybrid
dynamical systems. Within each stage the processes’ dynamic
is continuous. The methods were illustrated in details on a
product supply process.

Another approach for solving optimal control problems for
switched systems were presented in the paper [14]. Authors
assumed that a pre-specified sequence of active subsystems is
known. As a consequence of above assumption, it was needed
to search both the optimal switching instants and the optimal
continuous inputs. The derivatives of the optimal cost with
respect to the switching instants were needed to be known to
search for the optimal switching instants. It was described by
a method, which transcribes an optimal control problem into
an equivalent problem parameterized by the switching instants
and obtains the values of the derivatives based on the solution
of a two point boundary value of differential algebraic equation
formed by state, costate, stationary equations, the boundary
conditions, continuity conditions and their differentiations.

The problem control of hybrid systems was taken under
consideration in the work [4]. A continuous representation for
controlled model and state jump hybrid systems was presented.
This representation is useful to overcome difficulties related
to discontinuities, because the study of the state jump hybrid
systems can be replaced by that of continuous ones. Important
contributions of this work are (1) convergence results of
solutions between continuous and hybrid problems and (2)
expressions of the gradients of cost functions associated with
a trajectory pursuit problem in both hybrid and continuous
cases.

A computationally efficient algorithm based on differential
transformation was proposed in [6]. It was proposed for
solving of optimal control problems of a class of hybrid
systems with a predefined mode sequence. In this approach the
hybrid optimal control problem is converted into a two-point
boundary value problem with additional transverse conditions
at the switching times. Using differential transformation, the
hybrid optimal control problem was reduced to a problem of
the linear subsystems of algebraic equations. The numerical
solution was obtained in the form of truncated Taylor series.

The important articles about optimal control of hybrid



systems, and especially about switched systems, address the
problem, when the mode sequence is predefined. From this
article we start the work about optimal control of the systems,
in which the switched instants, control function and mode
sequence are unknown. For this purposes we used a memetic
algorithm. We adapted an algorithm designed previously as a
solution method for scheduling problems and tested the result
firstly on optimal control problems with nonlinear dynamics
and secondly with long switching time intervals.

II. PROBLEM FORMULATION

In this article designations were adopted form the paper
[14].

A. Description of Switched System

Switched Systems are consisting of the subsystems

dx

dt
= fi(x, t), (1)

fi : Rn ×Rm → Rn, (2)
i ∈ I = 1, 2, ...,M. (3)

To control a switched system one needs to choose a contin-
uous input and a switching sequence. A switching sequence
regulates the sequence of active subsystems and is defined as

σ = ((t0, i0), (t1, i1), ..., (tK , iK)), (4)

where 0 ≤ K ≤ ∞, t0 ≤ t1 ≤ ≤ tK ≤ ... ≤ tf , and ik ∈ I
for k = 0, 1, . . . ,K. A pair (tk, ik) indicates that at instant
tk the system switches from subsystem ik−1 to subsystem ik.
Subsystem ik is active during the time interval tk, tk+1. The
feature distinguished switched systems from general hybrid
systems is that their continuous states do not exhibit jumps at
the switching instants.

B. Optimal Control Problem Formulation

We define

U[t0,tf ] = {u | u ∈ Cp[t0, tf ], u(t) ∈ Rm} (5)

as the set of piecewise continuous functions for t ∈ [t0, tf ] that
takes values in Rm. In the article we concentrate on problems
in which a pre-specified sequence of active subsystems is
given.

Consider a switched system as one consisting of subsystems
dx/dt = fi(x, u), i ∈ I . Given a fixed time interval [t0, tf ] and
a pre-specified sequence of active subsystems (i0, i1, . . . , iK).
Find a continuous input u ∈ U [t0, tf ] and switching in-
stants t1, . . . , tK such that corresponding continuous state
trajectory x departs from a given initial state x(t0) = x0
and meets (n − lf ) dimensional smooth manifold Sf =
x | φf (x) = 0, φf : Rn → Rlf at tf and the cost functional

J = Ψ(x(tf )) +

∫ tf

t0

L(x(t), u(t))dt, (6)

J = J1 + J2, (7)

where

J1 = Ψ(x(tf )), (8)

J2 =

∫ tf

t0

L(x(t), u(t))dt, (9)

is minimized.
Problem described above is a basic optimal control problem

in Bolza form.

III. MULTI-OBJECTIVE ALGORITHMS

Most of the studies on multi-criteria optimization was
performed on evolutionary algorithms. They used weighted
linear function, meta-objective, minimizing distance from ideal
point and Pareto optimization. First multi-criteria algorithms
were crude attempts at solving multi-objective optimization
problems.

A. Beginnings of multi-objective optimization

Vector Evaluated Genetic Algorithm (VEGA) was presented
in 1985 by J.D. Schaffer [12]. VEGAs’ modus operandi is
to divide the population into n subpopulations of the same
strength, where n is the number of objectives, so that each
criteria has a corresponding subpopulation. Each of those
subpopulations is a subject of its’ own selection, because
each criteria has a unique objective function. On the other
hand, crossover and mutation operations are carried out on the
whole population. Main advantage of VEGA is its’ ease of im-
plementation. Unfortunately it tends to overlook intermediate
solutions, which give very good solutions considering all of
the objective functions, but only average considering separate
criteria.

Hajela’s and Lin’s Weighting-based Genetic Algorithm
(HLGA) is based on an idea of weighted linear function.
It means, that multidimensional (multi-criteria) problems are
reduced to one-dimensional ones. It’s accomplished by com-
bining individual objective functions into one weighted linear
function:

F (x) =

k∑
i=1

wifi(x), (10)

where k is number of iterations, x - solution, fi(x) - ith
objective function and wi - weights as below

wi ∈ [0, 1],

k∑
i=1

wi = 1. (11)

Different weight vectors give various Pareto-optimal solu-
tions. Most criticized shortcoming of this method is a need
to select suitable weights for all criteria, which hampers
providing efficient solutions.
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B. Currently used algorithms

Recent results [12] show clearly that elitism can speed up
the performance of the genetic algorithms significantly. It also
helps to prevent the loss of good solutions, once they have been
found. Among the existing elitist multi-objective evolutionary
algorithms (MOEAs), Zitzler and Thiele’s [13] strength Pareto
EA (SPEA), Knowles and Corne’s Pareto-archived evolution
strategy (PAES) [7], and Rudolph’s [11] elitist GA are well
known.

Strength Pareto EA (SPEA) is an elitist multi-criterion
EA with the concept of non-domination. Zitzler and Thiele
[13] suggested maintaining an external population at every
generation storing all discovered non-dominated solutions. It
participates in genetic operations. All non-dominated solutions
are assigned a fitness based on the number of solutions
they dominate, while dominated solutions are assigned fitness
worse than the worst fitness of any non-dominated solution, so
that the search is directed towards the Pareto-optimal solutions.
A clustering technique is used to ensure diversity among non-
dominated solutions.

In Pareto-archived ES (PAES) , the child is compared with
respect to the parent. If the child dominates the parent solution,
then the parent is discarded and the child takes its place as
the next parent. If the child is dominanted by the parent, then
the child is discarded and new child solution is generated. On
the other hand, if the child and the parent do not dominate
each other, the child is compared with the archive to check
if it dominates any member of the archive of non-dominated
solutions. If so, the child is accepted as the new parent and
the dominated solutions are eliminated from the archive. Else,
both parent and child are checked for their nearness with the
solutions of the archive and the one residing in a least crowded
region in the parameter space is accepted as the parent and
added to the archive.

Rudolph [11] suggested, a simple elitist multi-objective EA
based on a systematic comparison of individuals from parent
and offspring populations. The non-dominated solutions of
both offspring and parent populations are compared, to form
new set of non-dominated solutions, which becomes the parent
population in the next iteration. If the size of this set is lower
than the desired population size, then other solutions from the
offspring population are included. Unfortunately this algorithm
lacks in the task of maintaining diversity of Pareto-optimal
solutions.

In [3] Deb suggested an Elitist Non-dominated Sorting
Genetic Algorithm. Based on the non-dominated sorting GA
(NSGA), criticized for high computational complexity of non-
dominated sorting, lack of elitism and need for specifying
the sharing parameter, it modified its approach to alleviate
those dif?culties. Applying fast non-dominated sorting, density
estimation and crowded comparison operator allowed it to
lessen the computational complexity and guide the selection
process of the algorithm towards a uniformly spread out
Pareto-optimal front.

Figure 1. Concept of neighborhood N(x) of solution x.

IV. ALGORITHM USED IN OUR RESEARCH

We decided to use a multi-objective criteria function and
in order to achieve good results, gathered non-dominated
solutions in each iteration.

Since genetic algorithms are using big populations of solu-
tions, we settled on using one as a base for our algorithm.
Simple crossover function and multiple mutations for each
child solution are used. Moreover selection relies on Pareto-
frontiers and minimized sum of all objective functions values.
It allowed us to find diverse solutions, while maintaining
our prime objective, which is to minimize the value of state
variables at the final time and the state and control trajectory.

Since our algorithm is elitist, we didn’t feel the need to use a
supplementary population for storing good solutions. In each
iteration parent population is copied and genetic operations
are performed on that copy, called child population. Then
both populations are appended and the process of selection is
performed. After the main loop of our algorithm is concluded,
the local search (LS) is applied to the solutions collected
Pareto-optimal solutions. In each iteration of the LS our
solutions are adjusted by a fraction and checked if the newly
generated solutions dominates the original solution or if it does
not, then if it has lower sum of criteria. If so, then the modified
solutions takes the original ones place in next iteration. We call
those modified solutions a neighborhood of original solution.

Since calculating of objective functions is time-consuming
we limited our improvement method to Pareto-frontier found
in the last population. After the local search method is
completed, our algorithm chooses the best suiting solution,
according to the parameters provided. In order to furthermore
decrease computational complexity the fast non-dominated
search method [3] was applied. It allowed us to increase
number of solutions in each population while maintaining
relatively low computational time.

V. TEST EXAMPLES

Examples, which tested our algorithm are known in the
literature [6]. They are a hybrid optimal control problem
with nonlinear dynamics and a switched linear quadratic
optimal control problem with long switching time intervals.
The simulations were performed on the processor Intel(R)
Core(TM) i5 CPU 2.67GHz, 4,00 GB RAM and Matlab 7.11.0
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(R2010b). Each simulation was repeated ten times. There are
the best results from Pareto-optimal solutions in the tab. I and
tab. II.

A. Example 1 (a hybrid optimal control problem with nonlin-
ear dynamics)

A system consists of three modes.
Mode 1

dx1
dt

= −x1 + 2x1u, (12)

dx2
dt

= x2 + x2u. (13)

Mode 2

dx1
dt

= x1 − 3x1u, (14)

dx2
dt

= 2x2 − 2x2u. (15)

Mode 3

dx1
dt

= 2x1 + x1u, (16)

dx2
dt

= −x2 + 3x2u. (17)

The system starts from the initial condition x(0) = [1, 1]T

at t0 = 0 and ends at tf = 3. There are two acts of switching
over [t0, tf ]. The mode sequence is known, i.e. the system
switches from mode 1 to mode 2 at τ1 and from mode 2
to mode 3 at τ2. We want to find a control input u(t) and
switching times that minimize the cost functional

J = J1 + J2, (18)

where

J1 =
1

2
(x1(3)− e2)2 +

1

2
(x2(3)− e2)2, (19)

J2 =
1

2

∫ 3

0

u2(t)dt. (20)

The optimal solution is u(t) ≡ 0, t1 = 1 and t2 = 2.
Optimal constant value of the control was searched in the

interval [−5, 5]. The length of the chromosome is 32 bits. It
means, that the solution can be obtained with some accuracy.
There are results in the tab. I. Solution for Population = 100
and iterations = 250 was illustrated on the fig. 2. One can
see, that relatively small number of iteration allows to obtain
results similar to the optimal.

Figure 2. Example 1. State trajectories.

Table I
RESULTS OF EXAMPLE 1

Population Iterations Parameter values
u(const) τ1 τ2 J

250 -0.0088 1.0086 2.0189 0.0608
100 500 -0.0243 0.9369 1.9335 2.1404

1000 0.0067 1.0542 2.0403 0.7253
250 -0.1788 0.9466 2.0797 0.9266

200 500 0.1004 1.0545 1.9171 0.1001
1000 0.2202 1.3696 1.8452 0.1292

B. Example 2 (a switched linear quadratic optimal control
problem with long switching time intervals)

Consider the following switched linear system consisting of
two modes

Mode 1

dx1
dt

= −1.2x1 + u, (21)

dx2
dt

= −x2. (22)

Mode 2

dx1
dt

= x1, (23)

dx2
dt

= 0.8x2 + u. (24)

Assume that the system starts from the initial condition
x(0) = [2, 2]T at t0 = 0 and end at tf = 9. There is one
switching over [t0, tf ] and the mode sequence is ?σ = (1, 2),
i. e., the system switches at some time from mode 1 to mode
2. We want to find a control input u(t) and a switching time
that minimizes the cost functional

J = J1 + J2, (25)

where
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Figure 3. Example 2. Optimal state phase portrait.

Table II
RESULTS OF EXAMPLE 2

Population Iterations Parameter values
u(const) τ1 J1 J2

250 0.1623 6.1907 0.0106 0.1554
100 500 0.0917 5.5565 0.0187 0.0378

1000 0.1465 6.1548 0.1158 0.0966
250 0.0013 4.0371 0.0016 0.0000

200 500 0.1001 5.6928 0.0309 0.0603
1000 0.0208 4.4312 0.0186 0.0019

J1 =
1

2
(x1(9)− 2.4428)2 +

1

2
(x2(9)− 2.0000)2, (26)

J2 =
1

2

∫ 9

0

u2(t)dt. (27)

Similar to the previous example, optimal constant value of
the control was searched in the interval [−5, 5]. The length
of the chromosome is 32 bits. There are results in the tab. II.
Solution for Population = 200 and iterations = 250 was
illustrated on the fig. 3.

VI. CONCLUSION

In the paper a new approach for solving optimal control
problems of switched systems was presented. Our work is
aimed at finding an algorithm, which would solve problems
with not pre-specified sequence of active modes. In our first
attempt we tested ability of solving optimal control problems
using genetic algorithm combined with local search method,
in literature known as memetic algorithm. Fitness value was
estimated by the use of Pareto-frontiers and summed objective
functions values. Although it allowed us to restrict local search
method, it also caused intermediate results, which might have
provided better solutions in next iterations, to be lost due
to their Pareto-frontier number. Further development of this
algorithm, based on problems characteristics, will be taken
into consideration. Applying density estimation and crowded
comparison operator, suggested in [3], didn’t improve the
efficiency of our algorithm and our work with those was
discontinued.

After the tests had been concluded we stated, that this
approach is able to obtain results close to the optimal solu-
tion. Outcome depends from length of the interval, in which
the algorithm searches for the solutions, and length of the
chromosome. Small and medium-sized populations have a
greater ability to obtain better solutions than large populations.
Performing a large number of iterations (eg. 1000) does not
guarantee obtaining a better solution. Algorithm performed
rather well with a small number of iterations and its’ com-
putational time was rather low.

The division of cost functional in two parts brings forth new
difficulties. The value of each component influences, if a point
will be in first front or will not. There are solutions, which can
give relatively small value of cost functional, but partitioning
into components causes, that the algorithm might reject those
solutions. On the other hand, specifying a multiplier value for
state and control trajectories was unnecessary and there was
no need to perform test runs of problems before running our
algorithm. In fact, it was fully automated, after determining
certain problem constraints.

Our algorithm, inspired by an algorithm designed for solv-
ing scheduling problem, will be modified to be able to solve
optimal control problems with no pre-specified sequence of
active modes. Since the speeding up of an automobile power
train only requires switching from first gear to fourth [14],
more complex problems can involve more complex and com-
plicated switching procedures. Since dividing solutions into
Pareto-optimal frontiers could be a cause of losing good, but
dominated, solutions, we are will research new methods of
evaluation of multi-objective problems and consider applying
them to the problem of control of switched system and its’
unique characteristics.
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